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Abstract: Sparse learning is a fundamental topic connecting mathematical optimization and 

machine learning, and it is widely applied in signal reconstruction, feature selection, and 

robust regression. However, classical iterative solvers for sparse models often require careful 

manual parameter tuning and may converge slowly under ill-conditioned data or noisy 

observations. To address these limitations, this study develops a Learnable Proximal 

Gradient Unrolling Network (LPG-Net) by transforming the iterations of proximal gradient 

descent into a trainable deep architecture. The proposed method starts from the Least 

Absolute Shrinkage and Selection Operator (LASSO) formulation and embeds the proximal 

operator of the ℓ1-regularizer into each network layer, while enabling data-driven adaptation 

of key algorithmic parameters such as step sizes and thresholding strengths across layers. In 

addition, a monotonicity-inspired regularization term is introduced to encourage stable 

descent behavior during training. Experiments on sparse regression and signal denoising 

tasks indicate that LPG-Net achieves more accurate sparse recovery and faster inference than 

traditional optimization baselines and standard neural predictors, while retaining strong 

interpretability due to its explicit connection to optimization updates. The framework 

provides a principled pathway for integrating mathematical optimization structures into 

machine learning models for sparse and noise-robust learning problems. 

1. Introduction  

Mathematical optimization provides a rigorous foundation for many machine learning 

formulations, especially in sparse learning where structure is enforced through regularization terms 

and constrained operators. Recent progress in model-based deep learning has highlighted that 

embedding explicit mathematical models (e.g., forward operators, data-fidelity terms, and priors) into 

trainable systems can improve data efficiency and interpretability while maintaining competitive 

performance on challenging learning tasks [1]. In parallel, modern imaging and signal reconstruction 

studies have shown that deep neural networks are increasingly used to solve ill-posed inverse 

problems, yet stability and generalization remain closely tied to the underlying mathematical structure 

and regularization design [2]. 
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A practical mechanism for bridging optimization and machine learning is algorithm unrolling (also 

called deep unfolding), which converts a finite number of iterations of an optimization algorithm into 

a layer-wise neural architecture with interpretable computational blocks [3]. Closely related 

frameworks include Plug-and-Play (PnP) methods (Plug-and-Play Methods for Integrating Physical 

and Learned Models in Computational Imaging), which preserve the skeleton of proximal algorithms 

while allowing learned denoisers or learned priors to replace handcrafted regularizers, thereby 

enhancing performance without discarding physical modeling [4]. Furthermore, recent research has 

explored learning constrained operator classes—such as maximally monotone operators—to improve 

theoretical control over convergence behavior and the characterization of recovered solutions, 

providing additional mathematical support for optimization-driven learning systems [5]. 

2. Related work 

Recent progress at the intersection of mathematics and machine learning has largely focused on 

model-based learning, where classical variational formulations and iterative algorithms are embedded 

into trainable architectures. A representative mathematical trend is to treat imperfect forward models 

and operator approximations as objects that can be learned while still retaining variational structure, 

leading to principled error-correction viewpoints for inverse problems and regularization design [6]. 

In parallel, Plug-and-Play (PnP) optimization has become a widely studied framework that replaces 

explicit proximal maps with learned denoisers while attempting to preserve convergence properties. 

To narrow the classical “performance–guarantee” gap, proximal-denoiser constructions have been 

proposed to connect neural denoisers back to explicit (possibly nonconvex) objective functions, 

enabling convergence analysis under proximal-gradient-type schemes [7]. Follow-up studies further 

strengthened the theory by addressing practical issues such as unconstrained regularization 

parameters and broader algorithmic settings, which makes PnP closer to a mathematically controlled 

alternative to purely end-to-end training [8]. In addition, refinements of Alternating Direction Method 

of Multipliers (ADMM)-style splitting have been explored via preconditioning and locally adjustable 

denoisers to improve stability and adaptation in restoration tasks [9]. Extending these ideas beyond 

Gaussian noise models is also an active direction: PnP splitting methods have been studied for Poisson 

image restoration, where non-Lipschitz data fidelity and implicit inner solvers create new 

mathematical difficulties for convergence and analysis [10]. 

Another major line of research is algorithm unrolling, which converts iterative procedures into 

finite-depth networks, often yielding interpretable architectures grounded in optimization theory. For 

sparse learning, unrolled networks inspired by the Iterative Shrinkage-Thresholding Algorithm (ISTA) 

and ADMM have motivated theoretical investigations on when training preserves stable optimization 

behavior; recent work established optimization guarantees for unfolded ISTA- and ADMM-type 

networks using smooth soft-thresholding, linking trainability to over-parameterization and gradient-

based learning dynamics [11]. Architectural evolution has also moved beyond recurrent unrolling 

toward attention mechanisms: deep unfolding Transformers have been introduced for video sparse 

recovery, combining learned attention with structured iterative updates while maintaining an explicit 

connection to sparse modeling assumptions [12]. To address memory and scalability limits of fixed-

depth unrolling, deep equilibrium-style model-based learning has been investigated as a 

mathematically motivated alternative, providing convergence and robustness guarantees under 

monotonicity constraints within computational imaging pipelines [13]. Application-oriented studies 

further demonstrate that unrolled methods can incorporate structured sparsity (e.g., block sparsity) 

through learnable shrinkage rules, such as the Learned Block Iterative Shrinkage Thresholding 

Algorithm (LBISTA) for photothermal super-resolution imaging [14]. Moreover, as modern data are 

increasingly distributed, federated learning has begun to intersect with unrolled reconstruction models 
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in Magnetic Resonance Imaging (MRI), highlighting new optimization challenges related to 

heterogeneity and low-data regimes while preserving end-to-end unrolled structure [15]. 

3. Methods  

3.1. Overall Framework 

The proposed method builds a trainable network by unrolling Proximal Gradient Descent (PGD) 

into a finite number of layers. Each layer mimics one PGD iteration for sparse learning, while key 

algorithmic parameters (e.g., step size and shrinkage threshold) are learned from data. This design 

follows the general “deep unfolding” philosophy used in sparse recovery and inverse problems, where 

iterative solvers are converted into interpretable neural architectures and trained end-to-end [16]. 

Figure 1 is a workflow diagram. 

 

Figure 1: Workflow Diagram 

In inference, the loop “Loss → Backpropagation” is removed and the network performs a single 

forward pass from 𝑥0to 𝑥𝐾, enabling fast prediction with fixed depth 𝐾. 

3.2. Mathematical Formulation 

Sparse learning is formulated using the Least Absolute Shrinkage and Selection Operator (LASSO) 

objective: 
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where 𝐴 ∈ ℝ𝑚×𝑛 is a design/sensing matrix, 𝑏 ∈ ℝ𝑚 is the observation vector, 𝜆 > 0controls 

sparsity, and 𝑥is the unknown sparse vector. 
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with gradient 

 ( ) ( ).f x A Ax b    (3) 

For the ℓ1penalty, the proximal operator has a closed form (soft-thresholding): 
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3.3. Learnable Proximal Gradient Unrolling Network 

A Learnable Proximal Gradient Unrolling Network (LPG-Net) is constructed by mapping iteration 

index 𝑘to layer index 𝑘 ∈ {0,… , 𝐾 − 1}. The forward rule of the 𝑘-th layer is defined as: 

 ( ),k k k

ku x A Ax b    (5) 
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where 𝛼𝑘 is a learnable step size and 𝜏𝑘 is a learnable shrinkage threshold (not necessarily 

constrained to 𝛼𝑘𝜆in training). This parameterization is consistent with the literature showing that 

learning step sizes and thresholds can significantly accelerate unfolded sparse coding and improve 

accuracy at fixed depth. 

(1) Layer-wise adaptive step size 

To improve robustness under ill-conditioned 𝐴and noisy 𝑏, the step size is made data-adaptive 

using simple layer statistics. One practical design is: 

 2, ,k k k kr Ax b s A r    (7) 
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where 𝜎(⋅)is the sigmoid function and {𝑤𝑘
, 𝑐𝑘}are trainable scalars. This keeps 𝛼𝑘 in a stable 

interval [𝛼min
, 𝛼max]while allowing the model to react to the current residual scale. 

(2) Learnable shrinkage with stability constraint 

The threshold is parameterized as a positive scalar: 

 softplus( ),k k   (9) 

where 𝜃𝑘is trainable and softplus(𝑡) = ln⁡(1 + 𝑒𝑡). This prevents negative thresholds and keeps 

the shrinkage operator well-defined. 

(3) Relation to prior unfolded sparse recovery models 

The above structure is directly aligned with established unfolded sparse recovery networks. 

Learning a limited set of parameters (e.g., step sizes across layers) has been shown to be effective for 

unfolded sparse coding. Trainable variants of thresholding-based sparse recovery further support the 

idea that “few-parameter” unfolded designs can be stable and fast to train [17]. Beyond PGD-style 

unrolling, message passing inspired unfolded networks also demonstrate that embedding iterative 

inference structure into deep models can improve convergence behavior and accuracy [18], and 

denoising-based unrolling frameworks similarly validate that solver-inspired architectures can 

outperform generic black-box predictors under inverse-problem settings . 

3.4. Training Objective and Regularization 

Assume supervised targets 𝑥*are available (synthetic sparse regression or paired denoising data). 

The primary estimation loss is: 
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task 2 .Kx x   (10) 

To encourage stable descent behavior during training, a monotonicity-inspired penalty is added: 
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The final loss is: 
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where 𝛽, 𝛾 ≥ 0control stability and parameter magnitude. This term does not guarantee strict 

theoretical convergence for all training regimes, but it empirically discourages unstable layer-to-layer 

oscillations in finite-depth unrolling. 

3.5. Computational Complexity 

Each layer requires computing (Ax^k) and (A^\top r^k). If dense multiplication is used, both 

products cost (O(mn)) per layer (constant factors ignored), so over (K) layers the total forward cost 

scales as (O(Kmn)). 

Compared with running a classical solver until convergence, LPG-Net fixes the iteration budget 

to 𝐾and often yields faster inference at test time, because the “number of iterations” is preselected 

and the parameters are tuned by training rather than manual search. 

4. Experiments and Results 

4.1. Experimental Setup 

To evaluate the effectiveness of the optimization-unrolled sparse learning framework, experiments 

are conducted on collected sparse regression and signal denoising data. Each sample consists of a 

measurement vector 𝑏 , a sensing/design matrix 𝐴 , and the corresponding sparse target 𝑥* (or an 

equivalent clean reference for denoising). The evaluation focuses on both solution quality and 

computational efficiency. For fair comparison, the proposed LPG-Net is compared with classical 

optimization baselines—Iterative Shrinkage-Thresholding Algorithm (ISTA), Fast Iterative 

Shrinkage-Thresholding Algorithm (FISTA), and Alternating Direction Method of Multipliers 

(ADMM)—under comparable stopping budgets. For LPG-Net, the unrolled depth is fixed to 𝐾 =
20layers during inference to ensure deterministic runtime. 

Performance is reported using (i) Mean Absolute Error (MAE) between the predicted estimate 

𝑥𝐾and reference 𝑥*, (ii) support recovery F1-score, which measures how accurately the non-zero 

indices are identified, and (iii) the objective value 𝐹(𝑥) =
1

2
∥ 𝐴𝑥 − 𝑏 ∥2

2+ 𝜆 ∥ 𝑥 ∥1 to reflect 

optimization progress. In addition, single-sample inference latency is measured to quantify practical 

deployment cost. A component-level ablation study is performed to isolate the contribution of the 

layer-wise adaptive step size and the monotonicity-inspired regularization. Finally, uncertainty 

quality is examined through empirical coverage versus nominal coverage, reflecting calibration 

behavior under interval estimation on the test set. 

4.2. Convergence and Optimization Behavior 

The convergence behavior is summarized in Figure 2, which reports objective values across 

iterations/layers using a logarithmic scale. Classical solvers (ISTA, FISTA, and ADMM) exhibit 

steady reduction of the objective but require more iterations to reach a low objective region. In 

contrast, the unrolled LPG-Net decreases the objective more rapidly within the same iteration budget 

(𝐾 = 20), indicating that learning layer-wise algorithmic parameters effectively accelerates the 

descent trajectory. This behavior is consistent with the design motivation of unrolling: the network 

retains the mathematical structure of proximal gradient steps while replacing manual parameter 
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tuning with data-driven parameter adaptation. 

 

Figure 2: convergence objective 

4.3. Accuracy Under Increasing Sparsity 

Accuracy under varying sparsity levels is reported in Figure 3 and Figure 4. As sparsity level 

increases (more non-zero coefficients), the reconstruction task becomes more challenging, leading to 

increasing MAE across all methods. LPG-Net maintains the lowest MAE over the full sparsity range, 

indicating improved estimation quality under harder sparse recovery conditions. Meanwhile, the 

support recovery F1-score decreases as sparsity grows, reflecting increased ambiguity in identifying 

correct non-zero locations. Even in this regime, LPG-Net consistently achieves higher F1-scores than 

the optimization baselines, demonstrating stronger capability to preserve sparse structure while 

controlling estimation error. 

 

Figure 3: mae vs sparsity 
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Figure 4: f1 vs sparsity 

4.4. Robustness to Measurement Noise 

Noise robustness is illustrated in Figure 5, which plots MAE versus Signal-to-Noise Ratio (SNR). 

Across all methods, MAE decreases as SNR increases, showing expected improvement when 

measurements become cleaner. LPG-Net exhibits the strongest robustness, achieving lower MAE 

across the entire SNR range and showing a more favorable error reduction trend as SNR improves. 

This suggests that the learned step sizes and shrinkage thresholds provide an adaptive mechanism that 

helps stabilize reconstruction under noisy measurements, rather than relying on a single manually 

tuned parameter setting. 

 

Figure 5: mae vs snr 

4.5. Runtime and Deployment Efficiency 

Practical efficiency is reported in Figure 6 using inference latency distributions. Classical 

optimization solvers require iterative updates until convergence or a predefined iteration limit, leading 

to higher latency and larger runtime variability. In contrast, LPG-Net executes a fixed-depth forward 

pass with predetermined 𝑲layers, which yields substantially lower latency and a tighter runtime 

distribution. This result is important for real-time or resource-constrained scenarios, where 

predictable inference time is often as critical as accuracy. 
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Figure 6: latency boxplot 

4.6. Ablation Study 

The ablation study in Figure 7  evaluates the contribution of two key components: layer-wise 

adaptive step size and the monotonicity-inspired regularization. Removing adaptive step sizes leads 

to the largest MAE increase, indicating that data-driven adjustment of optimization dynamics is a 

primary factor behind performance gains. Removing the monotonicity-inspired regularization also 

degrades MAE, suggesting that encouraging stable layer-to-layer descent helps prevent oscillations 

and improves finite-depth unrolling reliability. A variant that enforces shared thresholds across layers 

performs worse than the full model, implying that layer-specific shrinkage improves flexibility for 

handling different recovery stages (early coarse correction versus late fine refinement). 

 

Figure 7: ablation mae 

4.7. Uncertainty Calibration 

Uncertainty calibration is shown in Figure 8, which compares empirical coverage against nominal 

coverage. The ideal behavior lies on the diagonal line, where empirical and nominal coverage match. 

The LPG-Net-based interval estimation remains closer to the ideal calibration line across different 

nominal levels, while baseline strategies show systematic under-coverage (empirical coverage lower 

than nominal), especially at higher nominal targets. This indicates that the proposed approach 

provides more reliable uncertainty quantification on the collected test data, improving the 
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trustworthiness of interval predictions in addition to point estimation accuracy. 

 

Figure 8: calibration curve 

5. Conclusions 

This study investigates a mathematics-driven machine learning framework for sparse learning by 

integrating proximal optimization principles with trainable network design. Starting from the Least 

Absolute Shrinkage and Selection Operator (LASSO) formulation, a Learnable Proximal Gradient 

Unrolling Network (LPG-Net) is constructed by mapping proximal gradient descent iterations into 

finite network layers, where step sizes and shrinkage thresholds are learned in a layer-wise manner. 

A monotonicity-inspired regularization term is further introduced to encourage stable layer-to-layer 

descent behavior, enhancing robustness in finite-depth inference. 

Experimental results on collected sparse regression and denoising data demonstrate that LPG-Net 

achieves improved convergence efficiency, lower estimation error, and higher support recovery 

accuracy compared with classical optimization baselines. The fixed-depth forward inference also 

yields lower and more stable runtime, which is favorable for practical deployment. In addition, 

uncertainty calibration results indicate that the proposed approach can provide more reliable coverage 

behavior than baseline interval strategies, supporting more trustworthy predictions in noise-affected 

scenarios. Overall, the proposed framework offers an interpretable and efficient pathway for 

combining mathematical optimization structures with modern machine learning, and future work may 

extend this design to broader nonsmooth objectives, structured sparsity constraints, and more 

complex real-world sensing operators. 
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