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Abstract: According to the definitions of the centroid and the generalized derivation of 
Leibniz triple systems, some conclusions of centroid of Leibniz triple systems are 
developed. In particular, a kind of construction of Leibniz triple system is given in this 
paper. 

1. Introduction

Leibniz triple systems were studied by Bremmner and Sanchez-Ortega, in 2011[1]. In paper [1],
by using the algorithm of Kolesnikov and Pozhidaev, the definition of Leibniz triple system was 
given in a functional form. Cao Yan studied the centroids of Leibniz triple systems in reference [2]. 
In paper [3], by giving definitions of generalized derivation algebra ( )GDer L , quasi derivation 
algebra ( )QDer L and quasi centroid algebra ( )QC L  of a Leibniz triple system L , we have proved 
the relation and some properties of them. If L is a Leibniz triple system, we can get that ( )QDer L  is 
a Lei algebra. We get the quasi centroid algebra ( )QC L is a Lie algebra, and also get the sufficient 
and necessary condition of it. In this paper, some conclusions of centroid ( )C L  of Leibniz triple 
systems are developed. In particular, a construction of Leibniz triple system is proved. 

2. Definition

Definition 1[1] A vector space L which is defined over a field F is a Leibniz
triple system if it satisfies the following two identities:
{ ,{ , , }, } {{ , , }, , } {{ , , }, , } {{ , , }, , } {{ , , }, , }x y z u v x y z u v x z y u v x u y z v x u z y v= − − +  (1)
{ , ,{ , , }} {{ , , }, , } {{ , , }, , } {{ , , }, , } {{ , , }, , }x y z u v x y z u v x y u z v x y v z u x y v u z= − − +

(2) , , , ,x y z u v L∀ ∈ , where {, , }⋅ ⋅ ⋅  denotes trilinear operation in L . 
Definition 2[2] Let L be a Leibniz triple system. The derivation of L is a linear transformation

( )D End L∈  of L into L , and satisfies the following 
({ , , }) { , , } { , , } { , , }D a a a Da a a a Da a a a Da′ ′′ ′ ′′ ′ ′′ ′ ′′= + + , , ,a a a L′ ′′∀ ∈ . 

Definition 3[3] L is a Leibniz triple system. Thenf is called generalized derivation of L , 
satisfying: 

1 2 3
{ , , } ({ , , }) { , , } { , , }fa a a f a a a a f a a a a f a′ ′′ ′ ′′ ′ ′′ ′ ′′= − − ,

1 2 3
, , , ( ).f f f f End L∀ ∈  
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Then all generalized derivation of L  are denoted by ( )GDer L . 
Definition 4[3] Suppose that L is a Leibniz triple system and L is defined over the field F . The 

centroid of L is the transforms on L  given by 
( ) { ( ) ({ , , }) { ( ), , } { , ( ), } { , , ( )},C L D End T D a a a D a a a a D a a a a D a′ ′′ ′ ′′ ′ ′′ ′ ′′= ∈ = = =  

for any , , .a a a L′ ′′ ∈  
Definition 5[4] Assume the ( ,[,])L  is a binary group, where L  is a linear space over the field

F . The multiplication [,] : L L L× →  meets bilinearity. When , ,x y z L∀ ∈ is established, we 
can get the[ ,[ , ]] [[ , ], ] [[ , ], ]x y z x y z x z y= − . Thus, ( ,[,])L  is called a Leibniz algebra. 

3. Conclusion

Theorem 1 The centroid ( )C L  is the subalgebra of ( )GDer L . 
Proof According to the Proposition 2.3 in [3], we can get ( ) ( )C L QDer L⊆ . And
from the definition of ( )QDer L  and ( )GDer L , we can have the conclusion of
( ) ( )QDer L GDer L⊆ . Then, according to the above conclusion, ( ) ( )C L GDer L⊆  is established. 

So, we can get that ( )C L  is the subalgebra of ( )GDer L  easily. 
Theorem 2 Let L be a Leibniz triple system over a field F . If L has ordinary center,C( )L is the 

interchange subalgebra of ( )GDer L . 
Proof According to the above conclusion, we can have 

1 2 1 2
{ ( ), , } { , ( ), }D D a a a a D D a a′ ′′ ′ ′′=

1 2 2 1
{ , , ( )} { ( ), , }a a D D a D D a a a′ ′′ ′ ′′= = , for any 

1 2
, ( )D D C L∈ , , ,a a a T′ ′′ ∈ , which implies that 

1 2 2 1
{( )( ), , } 0D D D D a a a′ ′′− = . Moreover, if the center of T is 0,

1 2
[ , ]( ) 0D D x = , and 

1 2
[ , ] 0D D = . 

Theorem 3 Suppose that ( ,{,,})L is a Leibniz triple system over a field F . For l  is unknown, 
we can define: 2 3: { ( , , ) : , , }L a l b l c l a b c L= ⊗ ⊗ ⊗ ∈∑ . Thus, L  with a trilinear

operation  { , , } { , , }i j k i j ka l b l c l a b c l + +⊗ ⊗ ⊗ = ⊗ ,  
, , , , , {1,2,3}a b c L i j k∀ ∈ ∈ , is a Leibniz triple system. 

Proof  According to the definition of the Leibniz triple system and the definition of L , we can
get the following 

{ ,{ , , }, }i j k m nx l y l z l l lξ η⊗ ⊗ ⊗ ⊗ ⊗  
{ ,{ , , }, } i j k m nx y z lξ η + + + += ⊗
{{{ , , }, , } {{ , , }, , } {{ , , }, , }

{{ , , }, , }} i j k m n

x y z x z y x y z

x z y l

ξ η ξ η ξ η

ξ η + + + +

= − −

+ ⊗
{{ , , }, , } {{ , , }, , }

{{ , , }, , } {{ , , }, , } ,

i j k m n i j k m n

i j k m n i j k m n

x y z l x z y l

x y z l x z y l

ξ η ξ η

ξ η ξ η

+ + + + + + + +

+ + + + + + + +

= ⊗ − ⊗

− ⊗ + ⊗  
for any , , , , ; , , , , {1,2,3}x y z L i j k m nξ η ∈ ∈ . Then, the conclusion of the theorem that L is

a Leibniz triple system is proved. 
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