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Abstract: using fuzzy points as a tool, this paper applies the concept of rough set to the
theory of fuzzy semi-groups, gives the definition of rough direct product through a
congruence relation on fuzzy semi-groups, discusses some properties of rough direct
product under fuzzy congruence relation, and further supplements and perfects the rough
set theory in fuzzy semi-groups

1. Introduction

As we all know, the concept of fuzzy point proposed by Chinese scholar Liu Yingming plays an
important role in the study of fuzzy topology. In 1981, Qi zhenkai introduced this concept into the
research of algebra and proposed fuzzy subgroups based on fuzzy points. Since then, he has made a
lot of research on fuzzy semi-groups, fuzzy groups and fuzzy subgroups by using fuzzy points, and
obtained good conclusions. In this paper, the concept of rough set is applied to the theory of fuzzy
semi-groups, the rough direct product under fuzzy congruence relation is discussed, and its fuzzy
algebraic structure is characterized.

2. Basic Concepts

Definition1-1"let S be a semi-group, peF(S),ifvx,,y, ephave Xy, = (XY) s €1 then
uis a fuzzy subsemi-group of S .

Definition1.2"” let u be a fuzzy semi-group onS and p be a fuzzy equivalence relation on'S
if p satisfies the following conditions: for any fuzzy point x,,y,,z, € u there are

(Xer ¥a) €9 = (%20 VuZy ) € (2%, 24V, ) €,

Then pis called a Fuzzy congruent relation over .

Definition1.3” Let p be the Fuzzy congruent relation on Fuzzy semi-groupu, Vx, eu,, let
the congruent class of x, be

[Xa]p :{ya < S|(Xa’ ya)ep}
Definition1.4”! Let A be any Fuzzy subset of S, then the p approximation andp approximation
of A are expressed as:

p-(A)={x, 8 [x.], cAf=ullx.], [x.], <A},
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p’(A):{XxeS‘[xk]pmA ;éq)}:u{[xx]p‘[xk]pmA ¢¢} p(A)=(p_(A),p (A)) s called

Fuzzy rough set.
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Definition1.5"" Let S be a semi-group, and the multiplication of Fuzzy points definedon S is
as follows:

VX5, Yy €5.X%,.Y, = (XY ),
Definition1.6! Let A,B be two nonempty Fuzzy subsets on Fuzzy semi-groupS , and let the

Fuzzy direct producton S be AB :{xkyU X, €Ay, eB}

Definition1.7® A Fuzzy congruent relation pon a Fuzzy semi-group$ is said to be complete
if the relation tovx,,y, €S,[x, ] [y,] =[(xy),]
Definition 1.8 Let p be a Fuzzy congruent relation on semi-group S

p_(A),p (A),p_(B),p (B) be anonempty coarse subset of S, A,B S, then the coarse direct
product on S is denoted as:

p_(A)p_(B)={x,y, €S |x, ep_(A)y, ep (B)}
p (A)p (B)={x,y, €S |x, ep (A),y, ep (B)}
Definition 1.9®' Let p,,p, be a Fuzzy congruent relation on semi-group S |,

P, (A),p" (A),p,_ (A),p> (A) be a nonempty coarse subset of S, A =S, then the coarse direct
producton S is denoted as:

p(A)p,_(A) ={Xxyu €S |Xx ep(A)y, € pz-(A)}

P (A" (A)={x,y, €S |x, ep"(A).y, ep™ (A)}

Lemmal.l Let p,,p, be a Fuzzy congruent relation on semi-groupS , p,(A),p,(A) be a
nonempty coarse subset of S ,then p, cp, =p, (A)<p, (A),p, (A)c<p, (A).

Lemmal.2 Let p,,p, be the complete congruences on Fuzzy semi-groupS , then p,np, is

the complete congruences on Fuzzy semi-group$S .
Lemmal.3 Letp,,p,be the congruent relation on Fuzzy semi-groupS and p,p, be the

compound of the relation, then p,p, is the congruent relation on Fuzzy semi-groups$S if and only if
P1P2 = PPy -

3. Main Results

Theorem2.1 Let pbe a complete congruent relation on Fuzzy semi-group S and A,B be a
nonempty Fuzzy subseton S ,then p_(A)p_(B)<p_(AB)..
Prove that let z ep (A)p_(B), exist x,ep(A)y,ep.(B), such that z = x,y, , so
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[Xx]pQA,[YJPQB , and p are complete congruences on Fuzzy semi-group S , SO

[xx]p[pr :[xkyujp c AB , that is, [zy]p cAB s0 z ep_(AB).

Theorem 2.2 Let p be a complete congruent relation on Fuzzy semi-group S and A,B be a
nonempty Fuzzy subset onS , then p (A)p (B) <p (AB).

Prove that if z,ep (A)p (B), then there exists x, ep (A),y,ep (B) , such that z =

X,y, . therefore there exists a e[x,] NAb, e[y”]me,, and pis a complete congruent
relation on Fuzzy semi-group S , so apb, e[xx]p[y“]p:[xxyu]pz[zy]p that is,
ab, e[zyl)mAB ,andso z ep (AB).

Theorem 2.3 Let p,,p, be acomplete congruent relation on Fuzzy semi-group S and A be a
nonempty Fuzzy subset on S, then (p,mp,) (A)cp, (A)np, (A)..

It is proved that from Lemma 1.2, p,np, is a complete congruent relation on Fuzzy
semi-group S. If z_e(p,np,) (A), then [zy]mp2 NA =@, s0 existsx, e[zy]p NA , thus

1MP2

(x,.2,)epinp,s (X,.2,)epand(x,,z,)ep, ; And because x, €A, then xxe[zy]p NA,

and x, e[zy]p2 NA  thereforez_ e p, (A)np, (A), that (p,np,) (A)cp, (A)Np, (A).

Theorem 2.4 Let p,,p, be a complete congruent relation on Fuzzy semi-group S and A be a
nonempty Fuzzy subset on S, then (p, Np,) (A)=p, (A)Np, (A).

Prove the first: :p,_(A)np, (A) = (p,Np,)_(A).

From Lemma 1.2 we know that p,np, is a complete congruent relation on Fuzzy
semi-group  S.  Because p,np,cp, knows p,_(A)c(p,np,) (A) , similarly
po-(A)c(p,np;) (A),s0 p_(A)np, (A) = (p.np,) (A).

Prove again : (p, np,) (A)cp,_(A)np, (A).

Let z e (p,np,) (A), thatis, [zy]pmpz cA,s0 [ZY]pl A and [zy]p2 c A thatis, z e
p.(A) and z ep, (A),s0 z ep, (A)np, (A). Tosumup (p.p,) (A)=p._(A)Np, (A).

Theorem 2.5 Letp,,p, be congruent relation on Fuzzy semi-group S , p,p,=p,p, , if A
is a Fuzzy subsemi-group of S, then :

Prove z, e p, (A)p, (A), there exists x, ep, (A),y, ep, (A), so that z =x,y,, there

exists a e[x,] <Ab e[y“]p c A,, Alis a Fuzzy subsemi-group of S, apb, A, is known, and
p,.p, IS congruent relation on Fuzzy semi-group S, and (x,.a)ep,.(y,.b)ep, , so
(x,y.ay,)epn(ay,.ab)ep, thatis ab, e[xkyulwz,so there is ab, e[x,y,| <A, s0

P1P2
Zy :Xkyu E(plpz)_ (A)'
Theorem 2.6 Let p,,p, be the congruent relation on Fuzzy semi-group S, p,p,=p,p, , if Alis
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A Fuzzy subsemi-group of S, thenp,” (A)p, (A) = (p:p,) (A).

Prove z ep, (A)p, (A), then there is x, ep, (A),y,ep, (A), so that z =x,y,, so there
is & e[x,] NAb e [yujpz MA,. It can be seen from the fuzzy subsemi-group with A as S that
ab, e A, Because p,p, is the congruence relationship on Fuzzy semi-group S, and
(x.a ) epn(Y,b)ep, 50 (x,y,.ay,)epn(ay,.ab)ep, thatis,ab, e[xky“}mz , S0 there
are ah, e [Xxyu] NA,s0 2, =x,y, €(pp,) (A),thusp, (A)p, (A) = (pp,) (A)..

P1P2
4. Conclusion

By giving the above theorems and proofs, this paper discusses the application of rough set theory
in fuzzy semi-groups, puts forward the rough direct product in fuzzy semi-groups, perfects the
theory of rough direct product, qualitatively describes some of its algebraic structures, and enriches
the theory of rough direct product in semi-groups.
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