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Abstract: using fuzzy points as a tool, this paper applies the concept of rough set to the 
theory of fuzzy semi-groups, gives the definition of rough direct product through a 
congruence relation on fuzzy semi-groups, discusses some properties of rough direct 
product under fuzzy congruence relation, and further supplements and perfects the rough 
set theory in fuzzy semi-groups 

1. Introduction 

As we all know, the concept of fuzzy point proposed by Chinese scholar Liu Yingming plays an 
important role in the study of fuzzy topology. In 1981, Qi zhenkai introduced this concept into the 
research of algebra and proposed fuzzy subgroups based on fuzzy points. Since then, he has made a 
lot of research on fuzzy semi-groups, fuzzy groups and fuzzy subgroups by using fuzzy points, and 
obtained good conclusions. In this paper, the concept of rough set is applied to the theory of fuzzy 
semi-groups, the rough direct product under fuzzy congruence relation is discussed, and its fuzzy 
algebraic structure is characterized. 

2. Basic Concepts 

Definition
[1]1.1 let S be a semi-group, ( )F Sµ∈ , if ,α β∀ ∈µx y have min{ , }( )α β α β= ∈µx y xy , then 

µ is a fuzzy subsemi-group of S . 
Definition [2]1.2  let µ  be a fuzzy semi-group on S  and ρ  be a fuzzy equivalence relation on S  

if ρ  satisfies the following conditions: for any fuzzy point , ,α α β ∈µx y z ,there are 

( , )α α ∈ρx y ( ) ( ), , ,α β α β β α β α⇒ ∈ρ ∈ρx z y z z x z y , 
Then ρ is called a Fuzzy congruent relation overµ . 
Definition [2]1.3  Let ρ  be the Fuzzy congruent relation on Fuzzy semi-groupµ , α∀ ∈µx ,, let 

the congruent class of x λ  be 

[ ] ( ){ },α α α α= ∈ ∈ρ
p

x y S x y  

Definition [3]1.4  Let A be any Fuzzy subset of S, then theρ approximation andρ  approximation 
of A are expressed as: 

[ ]{ } [ ] [ ]{ }( )
p p p

A x S x A x x A− λ λ λ λρ = ∈ ⊆ = ∪ ⊆ , 
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[ ]{ } [ ] [ ]{ }( )
p p p

A x S x A x x A−
λ λ λ λρ = ∈ ∩ ≠ φ = ∪ ∩ ≠ φ , ( )( ) ( ), ( )A A A−

−ρ = ρ ρ  is called 

Fuzzy rough set. 
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Definition [4]1.5  Let S be a semi-group, and the multiplication of Fuzzy points defined on S  is 
as follows: 

, , ( )u u ux y S x y xyλ λ λ∧∀ ∈ =  
Definition [4]1.6  Let ,A B be two nonempty Fuzzy subsets on Fuzzy semi-groupS , and let the 

Fuzzy direct product on S be { },u uAB x y x A y Bλ λ= ∈ ∈  

Definition [3]1.7   A Fuzzy congruent relation ρ on a Fuzzy semi-groupS is said to be complete 
if the relation to [ ] [ ] [ ], , ( )x y S x y xyλ λ λ λ λρ ρ ρ

∀ ∈ =  

Definition [5]1.8  Let ρ  be a Fuzzy congruent relation on semi-group S , 
( ), ( ), ( ), ( )A A B B− −

− −ρ ρ ρ ρ  be a nonempty coarse subset of S , ,A B S⊆ , then the coarse direct 
product on S is denoted as: 

{ }( ) ( ) ( ), ( )u uA B x y S x A y B− − λ λ − −ρ ρ = ∈ ∈ρ ∈ρ  

{ }( ) ( ) ( ), ( )u uA B x y S x A y B− − − −
λ λρ ρ = ∈ ∈ρ ∈ρ  

Definition [5]1.9  Let 1 2,ρ ρ  be a Fuzzy congruent relation on semi-group S , 
1 2

1 2( ), ( ), ( ), ( )A A A A− −
− −ρ ρ ρ ρ  be a nonempty coarse subset ofS , A S⊆ , then the coarse direct 

product on S  is denoted as: 
{ }1 2 1 2( ) ( ) ( ), ( )u uA A x y S x A y A− − λ λ − −ρ ρ = ∈ ∈ρ ∈ρ  

{ }1 2 1 2( ) ( ) ( ), ( )u uA A x y S x A y A− − − −
λ λρ ρ = ∈ ∈ρ ∈ρ  

Lemma1.1 Let 1 2,ρ ρ  be a Fuzzy congruent relation on semi-group S , 1 2( ), ( )A Aρ ρ  be a 
nonempty coarse subset of S , then 1 2 1 2 1 2( ) ( ), ( ) ( )A A A A− −

− −ρ ⊆ ρ ⇒ ρ ⊆ ρ ρ ⊆ ρ . 
Lemma1.2  Let 1 2,ρ ρ  be the complete congruences on Fuzzy semi-groupS , then 1 2ρ ∩ρ  is 

the complete congruences on Fuzzy semi-groupS . 
Lemma 1.3  Let 1 2,ρ ρ be the congruent relation on Fuzzy semi-group S  and 1 2ρ ρ  be the 

compound of the relation, then 1 2ρ ρ  is the congruent relation on Fuzzy semi-groupS if and only if 

1 2ρ ρ = 2 1ρ ρ . 

3. Main Results 

Theorem2.1  Let ρ be a complete congruent relation on Fuzzy semi-group S  and ,A B be a 
nonempty Fuzzy subset on S , then ( ) ( ) ( )A B AB− − −ρ ρ ⊆ ρ .. 

Prove that let ( ) ( ),z A Bγ − −∈ρ ρ  exist ( ), ( )ux A y Bλ − −∈ρ ∈ρ , such that z γ = ux yλ , so 
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[ ] ,x A y Bλ µρ ρ
 ⊆ ⊆  , and ρ  are complete congruences on Fuzzy semi-group S , so 

[ ]x y x y ABλ µ λ µρ ρ ρ
   = ⊆    , that is, z ABγ ρ

  ⊆  ,so ( )z ABγ −∈ρ . 

Theorem 2.2  Let ρ  be a complete congruent relation on Fuzzy semi-group S and ,A B be a 
nonempty Fuzzy subset onS , then ( ) ( ) ( )A B AB− − −ρ ρ ⊆ ρ . 

Prove that if ( ) ( )z A B− −
γ ∈ρ ρ , then there exists ( ), ( )x A y B− −

λ µ∈ρ ∈ρ  , such that z γ =

ux yλ , therefore there exists [ ] , ,s ta x A b y Bλ µρ ρ
 ∈ ∩ ∈ ∩  , and ρ is a complete congruent 

relation on Fuzzy semi-group S , so [ ]s ta b x y x y zλ µ λ µ γρ ρ ρ ρ
     ∈ = =      ,that is, 

s ta b z ABγ ρ
 ∈ ∩  , and so ( )z AB−

γ ∈ρ . 

Theorem 2.3  Let 1 2,ρ ρ  be a complete congruent relation on Fuzzy semi-group S and A be a 

nonempty Fuzzy subset on S, then ( )1 2 1 2( ) ( ) ( )A A A− − −ρ ∩ρ ⊆ ρ ∩ρ .. 
It is proved that from Lemma 1.2, 1 2ρ ∩ρ  is a complete congruent relation on Fuzzy 

semi-group S. If z γ ∈ ( )1 2 ( )A−ρ ∩ρ , then 
1 2

z Aγ ρ ∩ρ
  ∩ ≠ ∅  , so exists

1 2
x z Aλ γ ρ ∩ρ

 ∈ ∩  , thus 

( ) 1 2,x zλ µ ∈ρ ∩ρ , ( ) 1,x zλ µ ∈ρ and ( ) 2,x zλ µ ∈ρ  ; And because x Aλ ∈ , then 
1

x z Aλ γ ρ
 ∈ ∩  , 

and 
2

x z Aλ γ ρ
 ∈ ∩  , therefore z γ ∈ 1 2( ) ( )A A− −ρ ∩ρ , that ( )1 2 1 2( ) ( ) ( )A A A− − −ρ ∩ρ ⊆ ρ ∩ρ . 

Theorem 2.4  Let 1 2,ρ ρ  be a complete congruent relation on Fuzzy semi-group S and A be a 
nonempty Fuzzy subset on S, then ( )1 2 1 2( ) ( ) ( )A A A− −−

ρ ∩ρ = ρ ∩ρ . 

Prove  the first: : ( )1 2 1 2( ) ( ) ( )A A A− − −
ρ ∩ρ ⊆ ρ ∩ρ . 

From Lemma 1.2  we know that 1 2ρ ∩ρ  is a complete congruent relation on Fuzzy 
semi-group S. Because 1 2 1ρ ∩ρ ⊆ ρ knows ( )1 1 2( ) ( )A A− −

ρ ⊆ ρ ∩ρ , similarly 

( )2 1 2( ) ( )A A− −
ρ ⊆ ρ ∩ρ , so ( )1 2 1 2( ) ( ) ( )A A A− − −

ρ ∩ρ ⊆ ρ ∩ρ . 

Prove again : ( )1 2 1 2( ) ( ) ( )A A A− −−
ρ ∩ρ ⊆ ρ ∩ρ . 

Let z γ ∈ ( )1 2 ( )A
−

ρ ∩ρ , that is, 
1 2

z Aγ ρ ∩ρ
  ⊆  , so 

1
z Aγ ρ
  ⊆   and 

2
z Aγ ρ
  ⊆  , that is, z γ ∈

1 ( )A−ρ  and z γ ∈ 2 ( )A−ρ , so z γ ∈ 1 2( ) ( )A A− −ρ ∩ρ . To sum up ( )1 2 1 2( ) ( ) ( )A A A− −−
ρ ∩ρ = ρ ∩ρ . 

Theorem 2.5  Let 1 2,ρ ρ  be congruent relation on Fuzzy semi-group S  , 1 2ρ ρ = 2 1ρ ρ  , if A  
is a Fuzzy subsemi-group of S , then . 

Prove z γ ∈ 1 2( ) ( )A A− −ρ ρ , there exists 1 2( ), ( )x A y Aλ − µ −∈ρ ∈ρ , so that z γ = ux yλ , there 

exists [ ]
1 2

, ,s ta x A b y Aλ µρ ρ
 ∈ ⊆ ∈ ⊆  , A is a Fuzzy subsemi-group of S, ,s ta b A∈  is known, and 

1 2,ρ ρ  is congruent relation on Fuzzy semi-group S, and ( ) ( )1 2, , ,s tx a y bλ µ∈ρ ∈ρ , so 

( ) ( )1 2, , ,s s s tx y a y a y a bλ µ µ µ∈ρ ∈ρ , that is 
1 2

s ta b x yλ µ ρ ρ
 ∈   , so there is 

1 2
s ta b x y Aλ µ ρ ρ

 ∈ ⊆  , so 

( )1 2 ( )z x y Aγ λ µ −
= ∈ ρ ρ . 
Theorem 2.6 Let 1 2,ρ ρ  be the congruent relation on Fuzzy semi-group S, 1 2ρ ρ = 2 1ρ ρ  , if A is 
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A Fuzzy subsemi-group of S, then ( )1 2 1 2( ) ( ) ( )A A A−− −ρ ρ ⊆ ρ ρ . 

Prove z γ ∈ 1 2( ) ( )A A− −ρ ρ , then there is 1 2( ), ( )x A y A− −
λ µ∈ρ ∈ρ , so that z γ = ux yλ , so there 

is [ ]
1 2

, ,s ta x A b y Aλ µρ ρ
 ∈ ∩ ∈ ∩  . It can be seen from the fuzzy subsemi-group with A as S that 

,s ta b A∈  Because 1 2,ρ ρ  is the congruence relationship on Fuzzy semi-group S, and 

( ) ( )1 2, , ,s tx a y bλ µ∈ρ ∈ρ , so ( ) ( )1 2, , ,s s s tx y a y a y a bλ µ µ µ∈ρ ∈ρ , that is,
1 2

s ta b x yλ µ ρ ρ
 ∈   , so there 

are 
1 2

s ta b x y Aλ µ ρ ρ
 ∈ ∩  , so ( )1 2 ( )z x y A−

γ λ µ= ∈ ρ ρ , thus ( )1 2 1 2( ) ( ) ( )A A A−− −ρ ρ ⊆ ρ ρ .. 

4. Conclusion 

By giving the above theorems and proofs, this paper discusses the application of rough set theory 
in fuzzy semi-groups, puts forward the rough direct product in fuzzy semi-groups, perfects the 
theory of rough direct product, qualitatively describes some of its algebraic structures, and enriches 
the theory of rough direct product in semi-groups. 
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